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Abstract 

We study Lie algebras endowed with an abelian complex structure which admit a symplectic form compatible with 
the complex structure. We prove that each of those Lie algebras is completely determined by a pair (U, H) where 
U is a complex commutative associative algebra and H is a sesquilinear hermitian form on U which verifies certain 
compatibility conditions with respect to the associative product on U. The Riemannian and Ricci curvatures of 
the associated pseudo-Kahler metric are studied and a characterization of those Lie algebras which are Einstein 
but not Ricci flat is given. It is seen that all pseudo-Kahler Lie algebras can be inductively described by a certain 
method of double extensions applied to the associated complex asssociative commutative algebras. 

1 Introduction 

An abelian complex structure on a Lie algebra g is a linear map GL(q) such that J 2 = — id B and 
[Jx, Jy] — [x,y] for all x,y G g. It is obvious that the Nijenhuis tensor for such a J vanishes and, 
therefore, the structure is integrable. The name abelian comes from the fact that the eigenspaces of J 
in the complexification q c of g are abelian Lie algebras. Note that they are a particular case of the so 
called nilpotent complex structures [IT] . 

A pseudo-Kahler Lie algebra is a symplectic Lie algebra (q,uj) with a complex structure J which is 
skew-symmetric with respect to uj. Such a Lie algebra is equipped with the pseudo- Riemannian metric 
g defined by g(x,y) = uj(Jx,y) for all x,y £ g for which the complex structure is parallel. The aim of 
this paper is to study the structure and main properties of Lie algebras which are pseudo-Kahler for an 
abelian complex structure. 

If an algebra q admits an abelian complex structure it must be 2-step solvable. One can easily verify 
that Lie algebras of dimension 2 have an abelian complex structure (actually, all complex structures on 
these algebras are abelian) and that every non-degenerate skew-symmetric bilinear form a; is a symplectic 
form compatible with the complex structure. So, 2-dimensional Lie algebras are the first examples 
of pseudo-Kahler Lie algebras with abelian complex structure. Recall that the unique non abelian 2- 
dimensional Lie algebra is the algebra aff (M.) of affine motions of R. An important role in the sequel will be 
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played by the Lie algebras off(„4) constructed as the tensor product ajf(A) = aff(R)<8>R.A of off (R) with an 
associative commutative algebra A. A well-known example of these algebras is the underlying Lie algebra 
of the Kodaira- Thurston manifold, which is the algebra off (A) when A is the 2-dimensiona nilpotent power 
algebra. All the algebras aff(.4) carry abelian complex structures but in order to admit a compatible 
symplectic form the algebra A must verify further conditions. The existence of a symmetric bilinear 
B form on A such that the pair (A, B) is a symmetric algebra [H] guarantees that the corresponding 
Lie algebra off(.4) admits a pseudo-Kahler structure for an abelian complex structure; however, these 
examples do not exhaust the family of pseudo-Kahler Lie algebras with abelian complex structure. 

In this paper we will show that every pseudo-Kahler Lie algebra with abelian complex structure is 
completely characterized by a pair (U, H) where U is a complex associative commutative algebra and H 
a sesquilinear hermitian form on U which verifies certain compatibility conditions. This characterization 
let us calculate some nice formulas for the Riemannian and the Ricci curvatures of the pseudo-Kahler 
metric and lead us to a complete description those algebras in our family for which the metric is Einstein 
but not Ricci flat. Moreover, in the last section we prove that all the pseudo-Kahler Lie algebras with 
abelian complex structure can be obtained by sucessive application of a method of double extension, 
which consist of a central extension and a generlized semi-direct product, on the associated pairs (U, H) 
starting from an algebra off (A). 

2 Preliminaries 

We first recall some basic definitions [2], [3], [15], [16]. All the algebras in the paper are considered real 
or complex finite dimensional algebras. 

Definition 2.1 A complex structure on a real Lie algebra g is a linear map J G fll(fl) such that J 2 = — id B 
and 

[Jx, Jy] = [x, y] + J[Jx, y] + J[x, Jy] for all x, y G g. 

Two Lie algebras endowed with complex structures (gi, J\), (g2, J 2) are said to be holomorphically 
equivalent if there is an isomorphism ip : Qi — > g 2 such that J\ = ip^ 1 o J 2 o ip. 

We will say that a complex structure J is abelian if [ Jx, Jy] = [x, y] holds for all x,y £ q. 

Definition 2.2 Let g be a complex or a real Lie algebra. A product structure on g is a linear map 
K G gt(g) such that K 2 = id B , K ^ id g and 

[x, y] — K[Kx, y] + K[x, Ky] — [Kx, Ky] for all x, y G g. 

The product structure K provides a decomposition of the vector space g as the direct sum of the 
eigenspaces g + = kev(K — id fl ),5_ = kci{K + id ). Actually, g+ and g_ are subalgebras of g. When both 
subalgebras g± have the same dimension, the product structure is said to be a paracomplex structure on 
0- 

We will say that a product structure K is abelian if [Kx, Ky] — —[x, y] holds for all 1,1/Gg. In such 
case one easily verifies that the subalgebras g± are actually abelian. 

Remark 2.1 One can also use Definition 12.11 to define the notion of complex structure for complex Lie 
algebras, considering J to be C-linear. However, this is not very interesting since for a complex Lie algebra 
g there is one-to-one correspondence between such C-linear complex structures and product structures 
on g. Actually, a straightforward computation shows that a C-linear complex mapping J on a complex 
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Lie algebra g is a complex structure if and only if the map K = i J is a product structure, where i stands 
for the imaginary unit. Further, J is abclian if and only if K is so. 



The following result is very well-known (see, for instance, [3]): 
Lemma 2.1 Every Lie algebra admitting an abelian complex structure is 2-step solvable. 
Examples 2.1 Some interesting examples of Lie algebras admitting abelian complex structures are: 

1. The Lie algebra aff(A) of a commutative associative algebra. 

Let A be a commutative associative algebra. The vector space A® A with the product defined by 
[(a, b), (a',b')} := (0, ab' — a'b) for all a,a',b,b' £ .A, is a Lie algebra denoted by aff(.A) [5]. Note 
that, actually, dff(A) = ctff(R) g) A with the bracket [x ® a, y ® a'] — [x, y] ® aa' . It is clear that the 
linear map J on aff(»4) defined by: J(a, b) := {—b, a), for a, b E A, is an abelian complex structure 



2. The underlying real algebra of a complex Lie algebra with an abelian product structure 

When (g, K) is a complex Lie algebra with a C-linear abelian product structure, the underlying 
real Lie algebra g^ is naturally endowed with the abelian complex structure defined by the R-linear 
map J = iK . 

Definition 2.3 We say that a Lie algebra g admits a symplectic structure if it admits a non-degenerate 
scalar 2-cocycle uj. The pair (g,w) is said to be a symplectic Lie algebra. Two symplectic Lie algebras 
(gi, wi), (g2, 102) are said to be symplectomorphic if there exists a Lie algebras homomorphism (p : gi — > £2 
such that tvi(x,y) = u>2{fx, ipy) for all x,y £ gi. 

Remark 2.2 A symplectic Lie algebra (g,w) is naturally endowed with a structure of left-symmetric 
algebra compatible with the Lie structure; this is to say, the product defined by uj(x -y,z) — —ui{y, [x, z]) 
for x, y, z G g verifies [x, y] — x ■ y — y ■ x and 



Geometrically, this means that each Lie group with Lie algebra g can be equiped with the torsion free 
fiat left-invariant connection defined by V£y = x ■ y for x,y £ q. 

Definition 2.4 Let (g,w) be a symplectic Lie algebra and J a complex structure on g such that 
uj(Jx,Jy) = ui(x,y) for all x, y G g. The triple (g,w, J) will be called a pseudo-Kahler Lie algebra. 
If the complex structure is abelian we will say that the algebra g is endowed with an abelian pseudo- 
Kahler structure. The pseudo-Riemannian metric g defined on g by g(x,y) — u(Jx,y) will be called the 
pseudo-Kahler metric of (g,w, J). 

The following lemma will be useful in the next sections. 

Lemma 2.2 Let (g,w, J) be a pseudo-Kahler Lie algebra where J is abelian. The left- symmetric product 
defined by uj on g verifies J(x ■ y) = (Jx) ■ y for all x,y G Q. 



on aft(A). 



x,y] ■ z = x ■ (y ■ z) — y ■ (x ■ z) for all x,y,z G g. 
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Proof. If x, y, z G g then we have 



uj{J(x-y),z) = -u(x-y,Jz) = [x, Jz]) = [Ja;,z]) = cj((Jx) 

which proves the result. □ 

Remark 2.3 One may think that for every associative and commutative algebra A the corresponding 
Lie algebra flff(^4) always admits an abelian pseudo-Kahler structure. However the result is not true 
and one may find associative commutative algebras A such that aff(A) does not even admit a symplectic 
form. For instance, if A is the 3-dimensional associative algebra spanned by ai, 02,03 with non-trivial 
products ai<2i = a 2 a2 = 03, then the algebra aff(A) is spanned by Ei,...,Eq where Ej = (ay,0) and 
-E3+J = (0, a,) for 1 < j < 3 and their only non-trival brackets are \E\,E/i\ = [E%, £5] — Eq. If w is a 
2-cocycle on aff(.A), one has 

uj(E 6 ,Ej) =u([E 1 ,E 4 ],Ej) = -u>([E 4 , Ej], E{) - u([Ej, E x ], E 4 ) 
u{E 6 ,E j )=Lj([E 2 ,E 5 } > E j ) = -u([E 5 ,E 3 },E 2 )-u{[E ] ,E 2 },E 5 ). 

The first identity shows that u{Eq,E^) = oj(E 6 ,E s ) — uj(E e ,E 5 ) = and the second one implies 
uj(Eq,Ei) = uj(Eq,E4) = 0. Therefore uj(Eq,x) — for all x S aff(A), which proves that the 2-cocycle 
cannot be non-degenerate. 

We recall the following definition |12) : 

Definition 2.5 An associative algebra A over IK is said to be a symmetric algebra if A is equipped with 
a non-degenerate symmetric bilinear form B : A x A —> K that satisfies B(ab, c) = B(a, be) for a, b, c e A 

It should be noticed that, according to the results given in [5], one can construct a symmetric associa- 
tive commutative algebra by applying the method of T*-extension to an arbitrary associative commutative 
algebra. 

Examples 2.2 The following examples of pseudo-Kahler Lie algebras with abelian complex structures 
show that the class of such algebras is a wide one. 

1. The Lie algebra aff(A) of a symmetric associative commutative algebra. 

If (A, B) is a commutative associative symmetric algebra then the algebra aff(^l) with the abelian 
complex structure defined above and the symplectic form given by 

w((o, 6), (a', &')) := B(a, b') - B(b, a') , a, a', b,b' e A 

is pseudo-Kahler. In this case we will say that flff(^4) is equipped with the standard pseudo-Kahler 
structure. 

A simple calculation shows that the left-symmetric product defined by cj on aff(-4) is given by 

(a, b) ■ (a', b ) — —{aa', 6a') , a, &, a', b' G A , 
which is, actually, associative. 
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2. The underlying real algebra of a complex Lie algebra with an abelian para-Kahler structure 

If (g, K, lu) is a complex Lie algebra with an abelian para-Kahler structure, then the underlying real 
Lie algebra g R is pseudo-Kahler if one considers the complex structure J = iK and the symplectic 
form = Re(cj) where Re(cj) stands for the real part of u). 

It should be noticed that the real dimension of each of those algebras is 4k for some k 6 N. 

3. An example with non associative left- symmetric product 

Let us consider the 6-dimensional real Lie algebra g linearly spanned by {E\, . . . , Eq} with the 
non-trivial brackets 

[Ei,E 2 ] = -E 3 - \E§ , [Ex, E 4 ] — AE 2 , [E 1 ,E 5 ] = ^E 3 + E 6 , 

[E 2 , E4] = ^E 3 + E 6 , [E4, E 5 ] = —E 3 — ^E e . 

Notice that g is the Lie algebra denoted by tv? in [3] . The skew-symmetric bilinear map u : g x g —> R 
defined by 

u(Ex,E 3 )=A, u>(Ex,E A ) = -2, cu(E 2 ,E 5 ) = -2, lu{E 4 ,E 6 )=4 

and uj{Ej,Ek) — for the other cases in which j < k, turns to be a symplectic form on g and, 
further, the map J £ fll(fl) such that J(Ej) = E^+j, J(E 3+ j) = —Ej, for j — 1,2,3, is an abelian 
complex structure compatible with u. Therefore, (jj, w, J) is pseudo-Kahler. 

However, the left-symmetric product defined by oj is not associative. Actually, one can easily verify 
that, for instance, (Ei ■ E4) ■ Ex ^ E\ ■ (E4 ■ Ex). 

Note that this algebra provides an example of pseudo-Kahler Lie algebra with abelian complex 
structure which is not of the types of the two previous examples. 

A complex structure J on a real Lie algebra g provides a decomposition of the complexification g c as 
the direct sum of the vector spaces g 1 ' = ker( J c — iid e ), g 0,1 = ker( J c + iid B ), where J c is the C-linear 
map on g c defined by J c (xi + ix 2 ) = Jx\ + iJx 2 for x\,x 2 G g. One can easily verify that g 1,0 and 
g 0,1 are complex subalgebras of g c and, obviously, they have the same dimension. Hence, the complex 
Lie algebra g c is naturally endowed with a paracomplex structure. Further, if the complex structure J 
is abelian, then the subalgebras g 1 ' and g 0,1 are abelian and, thus, the paracomplex structure on g c is 
also abelian [6]. Further, if the real Lie algebra is pseudo-Kahler, then its complexification results to be 
para-Kahler. The following result will be used in next section. We omit its proof since it is nothing but 
a straghtforward calculation. 

Lemma 2.3 If (q,u>, J) be a pseudo-Kahler Lie algebra with abelian complex structure then its complexi- 
fication g c is naturally endowed with the abelian para-Kahler structure defined by the complex symplectic 
form uj c (x + iy, x' + iy') = ui(x, x') — uj(y, y') + iui(x, y') + iu)(y, x'), where x, x' , y, y' £ g and the abelian 
paracomplex structure K(x + iy) = —Jy + iJx. Further, the left- symmetric product defined by u> c on gc 
is obtained from the left- symmetric product on g as follows: 

(x + iy) ■ [x + iy') — x ■ x' — y ■ y + ix ■ y + iy ■ x , 

forx,y,x',y' e g 
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In order to fix notations, we will recall some well-known definitions on linear algebra. In the sequel, 
for a complex number a G C, we will denote by Re(a) and Im(a) respectively its real and imaginary part 
and a will mean its complex conjugate. 

Let V be a complex vector space. A semilinear map t : V — > V is a R-linear map such that 
r(av) = ar(v) for all a G C and v G V. A sesquilinear form is a R-bilinear map H : V x V — > C which 
is C-lincar in the left component and semilinear in the right one. Further, a sesquilnear form H is said 
to be hermitian if H(vi,v 2 ) = H(v 2 ,Vi) holds for all vi,v 2 G V. Note that, even though we will only 
consider non-degenerate hermitian forms, we shall not impose H to be definite. 

Let (V, H) be a complex vector space with a non-degenerate hermitian form. If W is a complex 
subspace of V, then we will denote by W 1 - its iJ-orthogonal subspace, this is to say 

W 1 - = { x G V : H(x, y)=0 for all y G W }. 

We remind that if F : V — > V is a C-linear map, its fZ-adjoint map F* : V — > V is uniquely defined by 
H (F*x, y) = H (x, F y) for x, y G V. 

Remark 2.4 All through the paper we will consider traces of M-linear maps. Even for a C-linear map, 
the trace considered will be the trace of the corresponding R-linear map on the underlying real vector 
space. 

A simple calculation shows that for a semilinear map r on a complex vector space one always has 
trace(r) = 0. 

3 Compatible complex associative commutative algebras 

As we will see below, every pseudo-Kahler Lie algebra with abelian complex structure is obtained from 
a pair (U, H) where U is a complex associative commutative algebra and H a non-degenerate hermitian 
form on U which verifies some compatibility conditions with respect to the associative product on U. 
We start this section with the construction of the associated pseudo-Kahler Lie algebras for a given pair 
(U,H). 

Definition 3.1 We will say that a complex associative commutative algebra U endowed with a non- 
degenerate hermitian sesquilinear form H is compatible with an abelian pseudo-Kahler structure or, 
shortly, A PK- compatible if and only if for every x, y, z G U it holds that 

xR* z y = yR* z x , (1) 

where R z stands for the multiplication by z in U. 

Proposition 3.1 Let U be a complex associative commutative algebra and H a non-degenerate hermitian 
form such that the pair {U, H) is APK-compatible. 

Let Qu denote the underlying real vector space ofU and define [•, •] : gu x qjj — > Qu, J : Qu ^ Qu an d 
u ■ 9u x 3u — > R as follows: 

[x, y] = R* y x - R* x y , Jx = ix , u{x, y) = Im(H(x, y)) , 

for all x,y G U. 

The pair (gu, [, •]) * s a r ^al Lie algebra and (w, J) provides an abelian pseudo-Kahler structure on gjj. 
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Proof. First note that R* ax = aR* and, obviously, R* +y = R* + R* for all x,y G U and a G C. This 
shows that the bracket is R-bilinear. Furhter, Jacobi identity follows immediately from the equalities 

R[x,y] = RyR-x ~~ RxRy j Rx\Vi z ] = R-zxU ~ Ryx z i 

which can be easily derived from the condition given in equation ([T]) and the definition of the bracket. 
Since H is non-degenerate so must be u because for every x, y 6 U one has 

H(x,y) =w(ix,y)+iw(x,y). 

Further, u> is obviously skew-symmetric, because H is hermitian, and for all i,j/,z £ f we get 

H{[x, y],z) + H([y, z],x) + H([z, x], y) = 

H{R* y x - R x y, z) + H(R* z y - R* y z, x) + H(R x z - R* z x, y) = 

H{x, yz) - H(y, xz) + H(y, zx) - H (z, yx) + H(z, xy) - H{x, zy) = 0, 

and, therefore, its imaginary part also vanishes, which proves that a; is a symplectic form. 

Finally, it is clear that J turns to be an abelian complex structure on q and that oj(Jx, Jy) = uj(x, y). 
Thus (q, uj, J) is pseudo-Kahler. □ 

Remark 3.1 The following facts concerning the pseudo-Kahler Lie algebra contructed above should be 
noticed: 

(1) The pseudo-Kahler metric is given by g(x, y) = uj(Jx, y) = He(H(x, y)) for all x, y S Qu- 

(2) The left-symmetric product defined by uj on Qu is as follows: 

x ■ y = (Ry + R* y )x , x.yegu- 

(3) It is straightforward to show that when U = U\ @ Ui is a direct sum of iJ-orthogonal ideals then 
Qu is also the w-orthogonal direct sum of the ideals Qu t and Qu 2 . 

The following result shows that every abelian pseudo-Kahler Lie algebra of type aff (.4) can be viewed 
as the Lie algebra associated to a compatible pair (U, H) and provides a necessary and sufficient condition 
to recognize such algebras among those constructed by APK-compatible pairs. 

Proposition 3.2 If(A,B) is a symmetric associative commutative algebra then off(^4) with the standard 
pseudo-Kahler structure is holomorphically symplectomorphic to the abelian pseudo-Kahler Lie algebra 
constructed by the APK-compatible pair (U,H) defined by the complexification U — A c and the hermitian 
form given by 

H{a + ib, a' + ib') = -4B(a, a') - 4B(6, b') - iA{B(b, a') - B(a, b')) 
for all a, b, a',b' G A. 

Conversely, if for an abelian pseudo-Kahler Lie algebra Qu defined by an APK-compatible pair (U, H) 
there exists a semilinear involution a : U — > U such that 

a(xy) = a(x)a(y) , H(a(x),a(y)) = H(x,y) , H(xy, z) = H(x,a(y)z) 

hold for all x,y,z G U , then qjj is holomorphically symplectomorphic to aff (A) with its standard pseudo- 
Kahler structure, where A is the real form of U defined by a endowed with a bilinear form B obtained, 
up to constant, by the restriction of H to A. 
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Proof. Suppose first that (A, B) is a symmetric associative commutative algebra and define H on U = A c 
as in the statement. Notice that H is non-degenerate if and only if B is so. A simple calculation shows 
that R* a+ib = Ra-ib for all a, b G A. Thus, the condition ((TJ) follows immediately from the associativity 
and commutativity of U. If V J : a ff(-4) — > Qu is defined by ip(a,b) = —(a + ib)/2, one easily sees that 
if) commutes with the complex structures and that lmH(ip(a, b), ip(a' , b')) = B(a,b') — B(b,a') for all 
a,b,a',b' G A. Moreover, tjj is an isomorphism of real Lie algebras since it is clearly M-linear and for 
a, 6, a', b' G A we have 

[%l){a,b),ip{a',b']\ = i [a + ib, a' + ib' 

= -R a --iv(a + ib) 
= ^([(a,6),(a',&')] 

Conversely, if (U, H) is an APK-compatible algebra admitting a semilinear involution a verifying the 
properties given above, then U admits the associative commutative real form A = {x + a(x) ; x £ U}. 
For x, y, z G U we have 

H(x + a(x), y + a(y)) = 2 Re(H(x, y) + H(a(x),y)) 

H((x + <r(x))(y + <j(y)),z + a{z)) = H(x + <r(x), (y + <r{y)){z + a{z))). 

From the first identity we get that the form B defined on A by B(a,b) = —jH(a,b) is a real- valued 
symmetric bilinear form on A and, from the second, that B(ab,c) — B{a 1 bc) for a, 6,c G A. Therefore, 
(A, B) is a symmetric associative commutative algebra and, according to the first part of the proposition, 
aff (.4) is holomorphically symplectomorphic to the Lie algebra constructed with the APK-compatible pair 
(^ c , H) where H(a + ib, a 1 + ib 1 ) = -4B(a, a!) - AB{b, b') - i4(B(b, a') - B(a, b')) for all a, b, a', b' G A. 
Since U — A c , we only need to prove that H = H. But this follows at once since both H and H are 
hermitian and coincide on the real form A of U. □ 

Lemma 3.3 If (U, H) is an APK-compatible pair and ann(C7) denotes the annihilator of U , then 

{R* X R Z - R z R* x )y G ann(ZJ) 

for all x,y, z G U . 

Proof. Let us consider u, x,y, z G U. Since the product in U is associative and commutative, we have 

u (R* x (zy) — zR*y) — uR* x {zy) — uzR*y = zyR* x u - z (uR* x y) = yzR* x u — zyR*u = , 

which proves that R*(zy) — zR*y is in the annihilator. □ 

Lemma 3.4 Let (U, H) be an APK-compatible pair and let ann([/) denote the annihilator ofU and R\jU 
the linear C-span of all the elements R*y with x,y G U . The following holds: 

(a) The vector space RyU is the H -orthogonal subspace of &im(U) and it is an ideal of the associative 
commutative algebra U . 

(b) Ifamx(U) = {0} then U = U 2 = R^U. 



} = -R* a , +ib , (a + ib) - -R* a+ib (a' + ib') 
- jR a -ib{a' + ib') = l -{a'b - b'a) = ip(0, ab' - ba') 
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Proof. It is clear that H(R*y,Xo) — for all x, y G U if and only if H(y,xxo) = 0, this is to say, 
xq G ann([/). In order to prove that R^U is an ideal, take x, y, z G {/ and xo G ann(£7). We then have 

H(xR*z, xq) = H(z, yR*x ) = H(z, x R*y) = 0, 

which proves that xR*z G ann(U) = RyU. This completes the proof of (a). 

Now, if ann(J7) = {0} then RyU = axm(U) = U and hence it only remains to see that it coincides 
with U 2 . Let us take an element x G (U 2 ) 1 - . For all y, z, t G U we then have 

H(t, xR* y z) = H(t, zR* y x) = H{yR* z t, x) = 0. 

This clearly implies that xR*z — for all y,z G U but, since U = RyU, one obtains x G ann(t/) = {0}. 
Hence, the iJ-orthogonal subspace of U 2 is null, which shows that U = U 2 . □ 

Proposition 3.5 Let (U,H) be an APK-compatible pair and (gu,uj, J) the corresponding pseudo-Kahler 
Lie algebra with abelian complex structure. 

If ann(J7) = {0}, then (qu,u),J) is holomorphically symplectomorphic to off(^4) for some real sym- 
metric associative commutative algebra (A, B) endowed with the standard pseudo-Kahler structure. 

Proof. If ann(C7) = {0} we have, according to the lemma above, that U — RjrU , We can then define a 
map a : U — > U by a (R%y) — R*x. Note that a is well defined since if R* y = R* z t then for all u, v G U 
we get 

H{R* y x - R*z, R* u v) = H(R*x, R* u v) - H(R*z, R* u v) = H(R* v u, R* x y) - H(R*u, R* z t) = 0. 
It is obvious that a 2 = idu and that 

a(aR* x y) = a{R*(ay)) = R* y x = aR y x = aa(R* x y). 
Further, using Lemma 13.31 we get that R*(yz) — z {R* x y) holds for all x,y, z G U and, therefore, 
a ((R* x y)(R* z t)) = a (tR* z (R* x y)) = a (R* zx (yt)) = R* yt (xz) = (R* y x) (R* t z) - a (R* x y) o (R* z t) . 

Bearing in mind Proposition 13.21 it only remains to show that the identities H(a(x), o~(y)) — H{x, y) and 
H(xy, z) — H(x, <y{y)z) are verified for all x, y, z G U. But this follows at once because from equation ((T|) 
we have 

H{R* u v, R* x y) = H{R* y x, R* v u) = H{R*u,R* y x) 

H(xR*v,z) = H{R* u v,R* x z) = H(Rlx,R* v z) = H(x,uR*z) = H(x lZ R* v u), 
which yields the desired identity. □ 

In the cases where ann(J7) n (ann(C/)) _L = {0} something similar occurs, as we prove in the following 
proposition which also clarifies the structure of the corresponding real symmetric associative commutative 
algebra. 
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Proposition 3.6 Let (U,H) be an APK-compatible pair. If ann(Z7) n (ann(J7)) ± = {0} then qjj is holo- 
morphically symplectomorphic to an algebra aff(A) endowed with the standard pseudo-Kahler structure 
for a certain symmetric form B. 

Moreover, the algebra A decomposes as a B-orthogonal sum of ideals 

A = ann(.A) © Ai © • • ■ © Ap 

where p is the number of simple ideals in the semisimple part of A and each Ai is a unital algebra. 

Proof. If ann({7) n (ann(?7))- L = {0} then U — ann(C/) (ann([/)) x , which is an orthogonal sum 
of ideals. The pseudo-Kahler Lie algebra constructed with the algebra ann(£7) is clearly abelian and, 
therefore, holomorphically symplectomorphic to aff(.Ao) for a real algebra with Aq = {0}. 

The ideal U = (ann(t/))- L obviously verifies ann({7) = {0} and according to Proposition 13.51 af, is 
holomorphically symplectomorphic to aff (^4) for some real symmetric associative commutative algebra 
(A,B). From ann(J7) = {0} we immediately get that ann(.A) is also null. This implies that A cannot 
be nilpotent and hence it has a non trivial semisimple part. Since A is commutative, its semisimple part 
is the direct sum of several copies of M. and C with their usual field structure. Let p be the number of 
those simple ideals and let us choose on each of them an idempotent element e,. Consider Ai = R ei A. 
It is clear that Ai is an ideal of A for all i < p with unity e,, that AiAj = {0} and that they are 
mutually orthogonal since when i ^ j we have B(eia, ejb) = B(a, CiC-jb) = for all a, b £ A. To see that 
A = Ai © • • • © Ap, take the Peirce decomposition [lj A — e\A M.\ where M.\ = {a £ A : era = 0}. 
Obviously, A2 + - ■ - + A P C Mi and Mi has trivial annhilator. We can proceed with Aii in the same way, 
taking its Pierce decomposition relative to the idempotent e2- Repeating sucessively the same argument, 
we obtain that A = A\ © • • • © Ap © M p where M p = {a £ A : e,a = 0, for all i < p} is a nilpotent 
ideal of A. If we suppose that M. v is not null, then we may find an element a £ ann(A4 p ), a ^ 0. But 
this would imply a £ ann(^l), a contradiction. Hence M. v = {0} and A = Ai © • • • © A p . 

Finally, if we take the orthogonal sum A = Ao © A one easily proves that ann(^l) = Aq and that 
aff(A) = off (Ao) © Clff(.A), and the result follows. □ 

Remark 3.2 A well-known result on unitary symmetric algebras implies that and the restriction Bi of 
B to Ai x Ai is given by Bi(a, b) — fi(ab) for all a, b £ Ai where fi : Ai — > R is a linear form such that 
fi°Ra^0 for all a £ Ai. 

The main result of this section shows that every abelian pseudo-Kahler Lie algebra is associated to 
certain APK-compatible complex associative commutaive algebra. 

Theorem 3.7 Let (q,u>,J) be a pseudo-Kahler Lie algebra with abelian complex structure. There exists 
an APK-compatible pair (U, H) such that Q and Qu are holomorphically symplectomorphic. 

Proof. If q is pseudo-Kahler, then (g c , uj c , K) is a para-Kahler complex Lie algebra for w c and K defined 
as in Lemma l!T3l Note that g 1,0 = ker(J c — iid) = kei(K + id) and, according to (i. Lemma 4.1], it is a 
complex associative commutative algebra. Let us then consider 

U = g 1,0 = {x — iJx : x £ q}. 
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Recall that the associative product on U is nothing but the restriction of the left-symmetric product 
defined on q c by w c , this is to say, for x,y,z,t £ q we have 

l*j c ((x — iJx)(y — iJy), z + it) = —uj c (y — iJy, [x — iJx, z + it]). 

Now we can define the non-degenerate hermitian form H : U X U —> C as follows: 

H(x — iJx, x 1 — iJx') — 2iuj c (x — iJx, x' + iJx') — — Aui{x, Jx') + iAui{x, x'), 

for x,x' £ g. We will now show that u'R^u" — u"R^u' for all u,u',u" £ U. Let us consider 

U = 0,1 = {x + iJx : x £ rj} 

and, for x,y £ 0, let us put x + iy = x - iy. Since w c (£i,£ 2 ) = ^ c (Cii6) an d [£i, £ 2 ] = [^1,^2] f° r an 
£ij £2 S C j for the left-symmetric product defined by w c one also has £1 • £2 = £1 • £2 because 

^ c (Ci~6, = w c (fc-6,€) = -w c (6,Ki,£]) = -w c (6, [6, £]) = ^ c (£7 • 6, 

holds for all £ £ . Further, one easily verifies that q c = U ®U verifies 

uj C (U,U) = uj C (U,U) = {0}, u-^eU, u-ueU, 

for all u,u' G U (which can also be deduced from the results on para-Kahlcr algebras given in [6 ). Thus, 
for all u,u' ,u" £ U, we have 

H(R* u u',u") = H{u',uu") = 2iuj c (u\uU T7 ) = -2iu} C ([u, u'],^ 77 ) = 2iw c (w' • u, If") = H(u' -%u"). 

Therefore we get that R^u' = u' -u for all u, u' £ U. Since U is commutative and (0 , •) is left-symmetric 
we get 

= [v!, u"\ ■ u = u'{u" ■ u) - u"(u' ■ u) = u'R* u u" - u" R* u u' u, u', u" £ U. 

We have, thus, proved that (U, H) is an APK-compatible pair. 

To see that and Qu are holomorphically symplectomorphic, we will consider the map ip : — > Qu 
given by ij)(x) = \{p ~ iJx) for all x £ 0. It is clear that ip(Jx) = ii[>(x), that ui(x, y) = lm(H(ip(x), ip(y)) 
and that ip is R-linear. Let us prove that ip[x, y] = [ij)(x), tp(y)]su ■ But, if we take x, y £ 0, then 

4[i>(x), i>(y)] 3u = U$ w 1>(x) - 4R*^(y) = ty(x) ■ jfi}) - 4i>(y) ■ W) 

— (x — iJx) ■ (y + iJy) — (y — iJy) ■ (x + iJx) 

— x ■ y + Jx ■ Jy — iJx ■ y + ix ■ Jy — y ■ x — Jy ■ Jx + iJy ■ x — iy ■ Jx 
= [x,y] + [Jx, Jy] - iJ[x,y] - U[Jx, Jy] = 2([x,y] - iJ[x,y]) = 4ip[x,y]. 

Since ip is obviously invertible, it is an isomorphism of real Lie algebras. □ 

We shall use that every Lie algebra with abelian pseudo-Kahler structure is of the form Qu for some 
APK-compatible pair (U, H) to see when such a Lie algebra is unimodular. We first prove the following 
lemma: 

Lemma 3.8 Let (U,H) be an APK-compatible pair and consider x £ U . For each k £ N, k > 2 then the 
power (R x + R*) k is a linear combination of R%, (i?J) fc , R r x (R* x ) k ~ r and (R*) k ~ r R x , 1 < r < k— 1. 
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Proof. We will proceed by induction on k. The result is clear for k = 2 because 

{R x + R* x ) 2 = R 2 X + R X R* X + R* X R X + (Rl) 2 - 

From Lemma GU we obtain that R X R*R X = R 2 x R* y and thus R*R y R* = (R X R*R X )* = R y (R* x ) 2 . 
Therefore, when s, r > 1 we have 

U x K x( K x) - K x\ K x) ) -Ksl/tJ "a — ^ (.-"sJ ' 

Now, we have that {R x + R* x )R k r 1 = R* + R£R k ~ 1 , {R x + R*)(R*) k - 1 = R x (R x ) k - 1 + (R*) k and for 
s, r > 1 we get 

+ R* x )R r x {R* x ) s = R r x + (R x ) s + R*R X (R X ) S = R r x +1 (R* X ) S + R x (R* x ) s+l , 
{R x + R* x )(R* x ) s R r x = R X (R* X ) S R X + (Rl) s+1 R r x = R X +1 (R* X ) S + (R* X Y +1 R X . 

and this shows that if (R x + R*) k ~ 1 verifies the condition, so does (R x + R x ) k ■ □ 

Proposition 3.9 Let g be a pseudo-Kahler Lie algebra with abelian complex structure and (U,H) an 
APK- compatible pair such that Q — Qu- The following conditions are equivalent: 

(i) U is nilpotent, 

(ii) Q is nilpotent, 

(Hi) Q is unimodular. 

To see that g is nilpotent whenever U is so, let us consider x, y € U. Recall that R? x n = R y R x — R x R y 
and hence we have 

&d(x)[x,y] = yR*x - xR* y x - R*[x,y] = xR*y - xR* y x - R*[x,y] = -(R x + R*)[x,y] , 

and, therefore, a,d(x) k+1 (y) = (-l) k (R x + R*) k [x,y] for all k > 1. If we have that U n = {0} then the 
Lemma above implies that (R x + R x ) 2n — and, thus, ad(x) 2n+1 = 0, which proves the nilpotency of g. 

It is obvious that if g is nilpotent then it is unimodular and, thus, it only remains to show that for 
a unimodular g we get U nilpotent. Note that the map G x = ad(x) + R* is semilinear and, therefore, 
traceless. This shows that trace(ad(x)) = — trace(i?*) = — trace(i?a;). Consequently, if g is unimodular, 
then we have tracef^-R^) = for all x G U. But this implies that U is nilpotent since, otherwise, there 
must exist an idempotent element e G U and one easily proves using the Peirce decomposition of U that 
trace(i?*) = d where d is the real dimension of the ideal elf. □ 

4 Curvature of the pseudo-Kahler metric 

We will now calculate the curvatures of the pseudo-Riemannian metric of a Lie algebra with abelian 
pseudo-Kahler structure. We shall give two different approaches: a first one using the left-symmetric 
product defined by the symplectic form, and a second one based on the description in terms of APK- 
compatible pairs. 

Let us consider a Lie algebra with abelian pseudo-Kahler structure (g, u, J) and denote by (g, •) the 
left-symmetric algebra structure defined by tu. 
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Proposition 4.1 Let (g,J, w) be a pseudo-Kdhler Lie algebra with abelian complex structure and g the 
pseudo-Kahler metric. The Levi-Civita connection and the Riemannian curvature tensor of g are respec- 
tively given for x, y, z G g by 

W x y = — Jy ■ Jx , H(x, y)z — —Jz ■ J[x, y] + (z ■ Jy) ■ Jx — (z ■ Jx) ■ Jy . 

Lf K, denotes the Killing form of g, then the Ricci curvature tensor Kic(x,y) = trace^R(a;, — )y^j is 
given by 

Ric(a;, y) — trace(ad( Jy ■ Jx)) — IC(x, y) , x, y £ g. 

Proof. For x,y, z € q the Levi-Civita connection is given by 

2g(V x y,z) = g([x,y],z) - g([y, z],x) + g([z, x], y) = u){J[x,y],z) - u(J[y,z],x) + u)(J\z,x],y) 
= u( J[x, y], z) — lu(z, y ■ Jx) — lo(z, x ■ Jy) = w( J[x, y] + y ■ Jx + x ■ Jy, z) 
= g([x,y]-J(y-Jx)-J(x-Jy),z) 

and therefore, since J commutes with right multiplications and [x,y] = [Jx,Jy] 7 we have 

2Va;?; = [Jx, Jy] — Jy ■ Jx — Jx ■ Jy — — 2 Jy ■ Jx, 

for all x, y S g. 

Now, the curvature tensor is given by 

~R(x, y)z = Vu^iz — Va; V y z + V y V x z = — Jz ■ J[x, y] — J(Jz ■ Jy) ■ Jx + J{Jz ■ Jx) ■ Jy 
= —Jz ■ J[x, y] + {z ■ Jy) ■ Jx — {z ■ Jx) ■ Jy 

for all x,y,z G g. 

In order to compute the Ricci form, let C x denote the left multiplication by an element 165 with 
the left-symmetric product induced by w. Then we have x' ■ Jx = (ad(x) J + Cj x )x' for all x' € g and it 
follows that 

R(x, z)y = —Cj v Jad(x)z + (&d(x) J + Cj x )C y Jz — C y .j x Jz. 
Recalling that JC y = Cj y , we get 

Ric(x, y) = — trace(£jj, Jad(x)) + trace(ad(a;)£jj, J) + tr&ce(£j x £ y J) — tra,ce(£ y .j x J) 
= -trace (£ x £ y ) - trace ( £ j y . , Jx ). 

Now, the result follows immediately from the fact that for all z£§, the map C z is the adjoint map with 
respect to uj of — ad(z) and that a linear map and its w-adjoint have the same trace. □ 

Remark 4.1 Observe that, actually, Lemma [2T21 is equivalent to the parallelism of J with respect to the 
Levi-Civita connection. 

Example 4.1 Let (A,B) be a real symmetric associative commutative algebra and let us consider on 
aff(_4) the standard pseudo-Kahler structure. We had already seen that the left-symmetric product 
defined by the symplectic form was given by (a, b)-(a', b') = —(aa 1 , ba') for all a, b, a', b' £ A. Consequently, 
the levi-Civita connection and the Riemannian curvature tensor are 

V( a ,b)(a', b') = (b'b, -a'b) , R((a, b), (a', b')){a" , b") = {ab'b" -bo!b" , ba'a"-ab'a") , a, b, a', 6', a", b" G A. 
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Note that this clearly implies that the metric is flat if and only if A 3, = {0} 
Besides, we have that 

R((o, b), (a', 0))(a",b") = {-Bw,a\ R ba »a') , R((o, b), (0, b'))(a",b") = {R a y,b' , -R aa „b') , 



from where it is clear that 



Ric((a,t),(o",6")) 



trace(i?bb") — trace(i? aa »). 



Then, the metric is Ricci flat if and only if trace(i? aa <) = for all a, a' £ A. But this only occurs if 
and only if A is nilpotent because, otherwise, there exists an idempotent e £ A and one always has 
trace(i? ee ) = dim(e^l) > 1. 

Flatness or Ricci flatness are easier to study if one describes the Riemannian and the Ricci curvature 
in terms of the products of an APK-compatible pair. We have the following: 

Proposition 4.2 Let qjj denote the pseudo-Kahler Lie algebra with abelian complex structure defined by 
an APK-compatible pair (U,H). The Levi-Civita connection, the Riemannian curvature tensor and the 
Ricci curvature are given for x,y £ U by 



y x y = (R x -R* x )y, R(s, y) = 3R x R* y - 3R V R* X + R* X R V - R*R X , Ric{x, y) = -2 tmce(R v R* x ) . 



Proof. According to (2) in Remark |3. 11 and Proposition ^. 11 we get that the Levi-Civita connection is 



Thus, V[ x ,y] = R[x. y ] - R* x y ] = 2R X R* - 2R y R* and we then have 

R( x >2/) = 2i? x i?*— 2R y R* — (R x — R*)(R y — R*) + (R y — R*)(R X — R*) = 3R x R*—3R y R x + R x R y —R*R : 



In order to compute the Ricci curvature, let us consider for each x £ g the semilinear map G x : U — > U 
defined by G x {y) = R*x. It follows that 



Corollary 4.3 Let (U, H) be an APK-compatible pair. The pseudo-Kahler metric on Qu is flat if and 
only if 3R X R* X = R*R X for all x £ U. 

Proof. If 3R X RZ - RtR x = holds for all x £ U then we have 



Jy ■ Jx 



R lx iy - R* x iy = R x y - R*y . 



R(x, z)y - {3R x G y - 3R V R* X + R X R V - G xy )(z) . 
Since R x G y and G xy are semilinear, they are traceless and as a consequence we get 
Ric(x,y) = — 3tra,ce(R y R x ) + tra,ce(R x R*) = — 2trace(i? y i?*) , 



as claimed. 



□ 




= R(x, ix) = -GiRxR* + 2iR* x R : 



which gives the desired identity. 



□ 
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Proposition 4.4 Let (U, H) be an APK-compatible pair and (qu,u}, J) the associated pseudo-Kdhler Lie 
algebra. Let us consider the following conditions: 

(cl) The pseudo-Kdhler metric is flat. 

(c2) The left- symmetric product defined by lo is, actually, associative. 
(c3) The derived ideal [q,q] is contained in ann(C/). 

// one of the conditions above is fulfilled, then the other two are equivalent. 

Proof. Recall that, as in the proof of the corollary above, the metric is flat if and only if 3R X R* — R*R X 
for all x,y GU. On the other hand, the left-symmtric product is associative if and only if 

= R x y + R* x . y — (Ry + Ry)(Rx + R* x ) — RxRy — RyRx , % , y G U. 

Finally, [g, g] C ann([/) is equivalent to R x R y = for all x,y £ U because we have 

z[x, y] — zR*x — zR*y — (R x R y — R y R*)z 
z[ix, y] — izR*x + izR*y — i(R x R* + R y R*)z 

for all x,y, z G U. Now, it suffices to realize that the combination of two of these conditions imply 
RxRy — R* x Ry — and, then, the remaining condition is also verified. □ 

Remark 4.2 A left-symmetric algebra (21, ■) is called a Novikov algebra if (a ■ b) ■ c = (a ■ c) ■ b is also 
verified for all a, b, c G 21 [5],[TU]. If g is a pseudo-Kahler Lie algebra constructed with an APK-compatible 
pair (U, H) and (g, •) denotes the left-symmetric algebra defined by the symplectic form then we have 

{x-y)-z-(x-z)-y = {R z + R*)(R y + R*)x - (Ry + R* y ){R z + R*)x = (R z R* y + R* z R y - R y R* z - R* y R z )x 

and, accordingly, 

(x ■ y) ■ iz — (x ■ iz) ■ y = (iR z R* — iR* z R y + iR y R* — iR*R z )x. 

From these two equations we immediately get that (g, •) is Novikov if and only if R Z R* = RyR z . This 
proves that, for our algebras, the Novikov condition is equivalent to the associativity of the left-symmetric 
product. 

Corollary 4.5 // a pseudo-Kdhler algebra with abelian complex structure (q,lo,J) is 2-step nilpotent, 
then the pseudo-Kdhler metric is flat if and only if the left- symmetric product defined by uj is associative. 

Proof. Let (U, H) be an APK-compatible pair for g. A simple computation shows that for all x,y, z G U 
one has [z, [x, y]] = —(R z + R* z )[x, y] and, therefore, if g is 2-nilpotent, then for x, y, z G U one has 

= [Jz, [x,y]] + J[z, [x,y]} = -(iR z - iR*)[x,y] - i(R z + R*)[x,y] = -2iz[x,y] , 

which shows that [g, g] lies in the annhilator of U and the result is just a consequence of the proposition 
above. □ 
The following proposition, in which we give necessary and sufficient conditions on the APK-compatible 
pair to yield a 2-step nilpotent Lie algebra and to assure, in such case, that the metric is flat, clarifies 
the conditions of the Corollary. 
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Proposition 4.6 Let (U, H) be an APK-compatible pair. The Lie algebra Qu is 2-step nilpotent if and 
only if U 3 = {0} and (ann(J7)) J_ C ann(J7). If this is the case, then the pseudo-Kahler metric is flat if 
and only if U 2 C (U 2 ) 1 - . 

Proof. As we had seen in the proofs of Proposition ^. 4l and Corollary |4.5[ when Qu is 2-step nilpotent one 
has R X R* — for all x,y e U. But this is equivalent to R^U C (R U U) ± and, since R V U — (ann(C/)) ± , 
it follows that (ann(C/))- L c ann(J7). Recalling that we also had [z, [x, y]] — ~(R Z + Rl)[x,y] for all 
x,y,z <E U, we arrive at 

= i[z, [x, y]] + [z, [x, iy}} = -iR* z R* y x + iR* z R* x y - R* z R* y x + R* z R* x iy = 2iR* z R* x y 

and, thus, we get H(xzt,y) = H(t, R*R*y) = 0, showing that A 3 = {0}. The converse follows at once 
from the identity [z, [x,y]] = —(R z + R* z )[x,y]. 

Since R X R* — for all x,y E U, the flatness of the pseudo-Kahler metric is equivalent to R* x R y = 
for all x,y <EU. But this is nothing but the condition H(U 2 , U 2 ) = {0}. □ 

Example 4.2 We had seen that if A is a nilpotent symmetric associative commutative algebra such that 
A 3 {0}, then the standard pseudo-metric on aff (^4.) is not flat. But one can also construct non-flat 
2-step nilpotent algebras. For example, let us consider the pair (U, H) where the associative algebra U 
is the C-span of {uq, u±, 1*2, U3, u^} with the non-trivial products U4M3 = M3M4 = U4U4 = ui and the 
hermitian form such that H(uj, Uk) = 1 if j + k = 4 and H(uj, Uk) — whenever j + k ^ 4. Obviously, 
U 3 = {0} and one has 

K 3 U 2 = u , R* u u 2 = u + u x , R^Uj = R* u u 3 = , j^ 2. 

Therefore, R X R* = for all x,y £ U. This proves that (U, H) is APK-compatible and that the Lie 
algebra Qu is 2-step nilpotent. However, one has H(U 2 , U 2 ) ^ 0, which shows that the metric cannot be 
flat. 

Although there exist nilpotent Lie algebras with non flat abelian pseudo-Kahler structures, all of them 
are Ricci flat as it was shown in a more general context in |14| Lemma 6.3] and can be directly proved: 

Corollary 4.7 Every unimodular pseudo-Kahler Lie algebra with abelian complex structure is Ricci flat. 

Proof. We had seen that for pseudo-Kahler Lie algebras with abelian complex structures unimodularity 
and nilpotency are equivalent. Further, this means that if (U,H) is an associated APK-compatible pair, 
then U is nilpotent. This clearly implies that R x is nilpotent, hence traceless, for all x 6 U and, thus, 
Ric(x, y) = -2 trace(i? 2/ i?^) = -2 tr&ce(R R , y ) = 0. □ 

Example 4.3 Bearing in mind the formula given for the Ricci curvature and the explicit calculation 
done in the case of the algebras aff (A) , one could think that Ricci flatness is only possible for nilpotent 
algebras. However, this is not the case. If we consider the pair (U, H) where U is the complex span of 
{uo, Mi, U2, U3} with the only non trivial products iti«3 = U3U1 — u\, u\ — 1*3 and the hermitian form 
defined by H(uq,U3) = H(u\,U2) — 1 and H(ui,Uj) ~ in the remaining pairs then one easily 

sees that U is not nilpotent but R X R* — R* x R y — for all x,y € U. Hence, the pseudo-Kahler metric is 
flat. 
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We shall finish this section con a characterization of the non Ricci flat Einstein case. Recall that a 
pseudo-Riemannian metric g is Einstein whenever there exists 7 el such that g = 7Ric. 

Proposition 4.8 //(g, w, J) is a Lie algebra with abelian pseudo-Kahler structure and the pseudo-Kahler 
metric is Einstein but not Ricci flat then g = aff(_4), endowed with the standard abelian pseudo-Kahler 
structure, where A is a semisimple associative commutative algebra and the symmetric form on A is ( up 
to a scalar) the trace form of the regular representation. 

Proof. Let us consider an APK-compatible pair (U,H) such that Q = Qu- If the metric is Einstein, 
then Ric(ir, y) = — 2trace(i? a i?*) must be non-degenerate and, hence, ann([7) must vanish. Accord- 
ing to Proposition 13.51 g is holomorphically symplectomorphic to an algebra off (.A) for some symmet- 
ric associative commutative algebra (A,B). But, in this case, we had seen in the Example 14.11 that 
Ric((a, b), (a',b')) = — trace(.R&&') — trace(-R ao /) for all a,b,a',b' £ A. Bearing in mind the construction 
of the the pseudo-Kahler metric, we have for all a, b £ A that 

B(a, b) = w((o, 0), (0, b)) = g((0, -a), (0, b)) = 7 Ric((0, -a), (0, b)) = 7 trace(i? o6 ). 

Since such form is non-degenerate if and only if A is semisimple, the result follows. □ 

5 Inductive construction of pseudo-Kahler Lie algebras with 
abelian complex structure 

In [17] and [13], the authors describe the method of symplectic double extensions by one-dimensional 
Lie algebras to construct new symplectic Lie algebras from a given one. Actually, they prove that every 
nilpotent symplectic Lie algebra can be obtained by a series of double extensions starting from the zero 
algebra. The same constructions (slightly modified) have been used in [5] to give an inductive description 
of all complex para-Kahler Lie algebras with abelian paracomplex structure. However, the method is not 
applicable in the pseudo-Kahler case unless one uses double extensions by planes instead of by lines. 

Since every pseudo-Kahler Lie algebra with abelian complex structure is associated to an APK- 
compatible pair, we will define an inductive method of construction for such pairs. The method is again 
based on two extensions of a given associative commutative algebra, in a similar way as it is done in [7] 
for symplectic associative commutative algebras. 

All the associative algebras of this section will be, except if the contrary is explicitly said, complex 
algebras. We first recall some definitions: 

Definition 5.1 Let U be an associative commutative algebra and tp : U x U — > C a symmetric bilinear 
form such that <p(xy, z) = <p(x, yz) for all x,y,z £ U. Then the vector space U © <Cuq with the product 

(x + auo)(x + alio) = xx + <p(x, x')uq , x, x £ U, a, a' £ C, 

is then an associative commutative algebra which we will call the (one-dimensional) central extension of 
U by means of (p. 

Definition 5.2 Let U be an associative commutative algebra, 6 £ gi(U), xq £ U and let Cv denote a 
one-dimensional associative algebra. On the vector space Cv © U let us define the product 

[av + x)(0v +y) = a/3v 2 + a[3xo + xy + aSy + f3Sx , a, (3 £ C, x, y £ U. 
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It can be easily seen that Cv © U is an associative commutative algebra if and only if 8(xy) = {8x)y for 
all x, y G U and S 2 — e 5 = R Xo where e G C is such that v 2 = ev. In this case we will say that the algebra 
Cv © U is the generalized semidirect product of U and Cv by means of (5, x ). 

Our aim is to prove that, essentially, all APK-compatible pairs may be obtained by a double extension 
given by a central extension and a generalized semidirect product from another APK-compatible pair. 
We first give conditions to assure that a double extension of that type on an APK-compatible pair leads 
to another APK-compatible pair. 

Proposition 5.1 Let (U,H) be an APK-compatible pair, e G C, D G QliJJ) such that D(xy) = (Dx)y 
for all x,y G U and D 2 — eD = R ao for some a G U and consider a semilinear mapping r : U —> U such 
that H(x,Ty) = H(rx,y). Suppose that that there exist b G U such that 

toq = (D* -e id)6 , r 2 = DD* = R bo , rb = Db a 

and that for all x G U the following conditions hold 

tR* x =R x t, tR x = R*t, Dt = tD*, DR*=R tx , tDx = R*b . 

Let us construct a new algebra U = Cvq © U © Cuq with a commutative product * such that uq 
annihilates U , vq * vq — evq + oq + ao u o f or some a® G C and 

x-ky = xy + H (x, ry)u n , v * x — Dx + H(x, bo)uo 

hold for all x, y G U. If we define a non-degenerate hermitian form H on U by 

H(uo,vq) = 1, H(u ,u ) — H(vq,vo) — H(uo,x) = H(v ,x) = 0, H(x,y) = H(x,y) , x,yeU, 

then (U, H) is an APK-compatible pair. 

Proof. Let us first show that U is actually an associative commutative algebra constructed by performing 
a central extension on U and then a semidirect product to the extended algebra. It is straightforward to 
prove that the map tp : U x U — > C given by <p(x, y) = H(x, ry) is bilinear and symmetric. Moreover, for 
all x,y 7 z£U we have 

<p(xy, z) = H(xy, tz) = H(x, R* y rz) = H(x, r(yz)) = <p(x, yz). 

This shows that U' = U ffiCuo is the central extension of U by means of ip. Now, if we consider 5 G Ql(U') 
given by S(x + au ) — Dx + H(x, bo)uo for x G U, a G C, then we have that 

8{x)y = D(x)y + H(Dx, Ty)u = D(xy) + H(tDx, y)u = D(xy) + H(R*b , y)u 
5(xy + H(x, ry)u ) = D(xy) + H(xy, b )u 

(S 2 — e 5)x = D 2 x — e Dx + H(x, D*b a — e 6o) u o = Ra x + H (x, rao)uo 

is verified for all x, y G U. This shows that 5 fulfills the necessary conditions to construct a generalized 
semidirect product of U 1 and Cv$. Further, one immcdiatly sees that the product on U is nothing but 
the product on such generalized semidirect product. 
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It only remains to prove, thus, that the condition ([TJ of the definition of an APK-compatible pair 
is verified. Let us denote by the multiplication by £ G U in U. It is obvious that R* = since 
u G ann(C/) and rather long but direct calculations yield: 

R* vo v o = b o + oqUq , R* x = D*x + H(x,a Q )u , R* Q u =eu , 

R x v = tx + H(b , x)u , R*y — R* x y + H(y,Dx)u , R*u = , 
for all x, y G U. We then have for x G U that 

v * Rl x = v * D*x = DD*x + H(D*x, b )u 

x * Rl Q vo = x-kb — xb + H(x, r& )wo 

and, therefore, they are equal if and only if DD* = Rb and Dbo = r6o- If we now take x,y € U, then 
we get 

x -k R* o y = x * D*y = xD*y + H(x, TD*y)u 

y * Rl x = y~k D*x — yD*x + H(D*x, ry)uQ. 

From the equality DR* = R TX we get R X D* = R* x and hence, bearing in mind that tR* = R x t, we 
obtain for all z G U, 

H(xD* Vl z) = H(y, zt{x)) = H(R* z y, tx) = H(x, rR* z y) = H(x, zr(y)) = H(yD*x, z). 

Since we also have Dt = tD* , we deduce that x*R* o y = y*R* Q x. From the conditions DR* = R TX and 
t 2 = Rb a we easily get that x * R*vo = vo * R*x because 

x * R*vo = x * ry — xr(y) + H(x, T 2 y)uo 

v * R*x — v -k R*x — DR*x + H(R*x, 6o)uo- 

Finally, when x,y, z £ U we have 

x * R*z — x-k R*z = xR*z + H(x, tR*z)uq = zR*x + H(R*x, tz)uq = z-k R*x = z-k RyX, 

because (U, H) is APK-compatible and tR* = R v t. The result now follows at once since the cases 
involving uq are trivial because uq and R^uq are in the annihilator of U for all £ G U. □ 

Definition 5.3 Each pair (U,H) constructed as in the proposition above will be called an APK double 
extension of the pair (U, H) by a one-dimensional associative algebra. 

Lemma 5.2 Let (U,H) be an APK-compatible pair. If ann(f7) n (ann(J7)) ± ^ {0}, then there exists 
Uq G ann([/) (1 RjjU , uq ^ and a semilinear map X : U — > C such that R*uo = X(x)uq holds for all 
xeU. 

Proof. First notice that ann(JJ) n R* V U ^ {0} since R*jU = (ann(J7)) ± . If z G ann([7) then, for all 
x,y E U, we have y-RJz = = 0, which proves that ann(£7) n RyU is stable by all R*, x G U. Since 

R* x R* y = R* xy and aR* x + f3R* = R* ax+ § y for all a, /3 € C, x, y G U, the set £ = {U* : x eU}, where ^* 
holds for the restriction of R* to ann(C/) C\R*jU, is a complex abelian Lie subalgebra of g[(ann(C/)ni?^L r ). 
The existence of uq and a function A : U —> C verifying the condition is then guaranteed by Lie's theorem 
and the semilinearity of A is directly deduced from aR* + j3R y = R* &x+ p y ■ D 



19 



Theorem 5.3 Every APK- compatible pair (U, H) such that ann(?7)n(ann(C/)) ± ^ {0} is an APK double 
extension of another APK-compatible pair (U, H) by a one- dimensional algebra. 

As a consequence, every APK-compatible pair (U, H) is either the pair corresponding to an algebra 
of type aff (^4) with its standard pseudo-Kahler structure or can be obtained by a series of APK double 
extensions starting from the pair associated to an algebra off (A) . 

Proof. Let us apply the lemma above and consider u G ann(i7) tlR^U, u ^ such that R^u — A(£)uo 

for all £ G U. It is clear that H(u ,uo) — since R*qU = (ann([/)) ± . As H is non degenerate, we may 

find an element Vq G U such that H(vq,vq) — and H(uq,vo) = 1. This gives a decomposition of vector 
spaces U = Cuo ffi U (B Cvo where U = (Cu + Cv ) ± . The subset 1 = (Cuo) ± = Cuq © U is actually an 
ideal of U because for all x G I and £ G U one has 

H{uo,x*Z) = H(Rlu ,x) = H(\(£)uo,x) = \(£)H(u ,x) = 0, 

where * denotes the product on U. Note that the restriction H of H to U x U is non degenerate and that 
U is naturally endowed with a structure of associative commutative algebra if we consider the product 
given by the projection to U of the product in X. Moreover, if for all x, y G U we denote xy G U 
the projection of x * y to [/, we have x * y = xy + ip(x,y)uQ, where y> is certain symmetric bilinear 
form on U such that ip(xy,z) = (p(x,yz). Let r : U — > U be the unique semilinear mapping such 
(p(x,y) — H(x,ry) for all x,y G J7, which is guaranteed because H is non-degenerate. It can be easily 
shown that H(x,ry) = H(rx,y) and tR x — R*t because tp is symmetric and associative. Recall that 
1 = Cuo ® U is an ideal of U and, therefore, if we denote by D G fll(C/) the projection on U of the 
restriction of R Vo to U, we can describe the product in U by uq G ann(f7) and 

wo * vq — £Vq + ag + agUo , vq * x — Dx + 4>(x)uq , x * y — xy + H(x, tv)uq , x, y G U 

for some some linear form <fr : U —> C and certain e, ao G C, ao G J7. The non degeneracy of -ff let us find 
bo G U such that <^>(x) = H (x, 6o) for all x G J7. 

The associativity of C/ implies that D(xy) = (Dx)y, tDx = R* x b$ hold for all x,y G U and that 
rao = D*bo — sby, D 2 — e D = R ao and, since the product ★ is given as the one in Proposition 15. 1[ one 
sees by simply reversing the arguments of its proof that the condition £R%£' = CRIZ f° r £ U 

implies that (U,H) is an APK-compatible pair and, further, that all the conditions on r,D,ao and bo to 
have an APK double extension are fulfilled. 

The second part of the statement follows by applying sucessively the first part. If (U, H) is not the 
pair corresponding to an algebra aff(-4) then, according to Proposition 13.61 ann(?7) n (ann(C/)) ± ^ {0} 
and it is an APK double extension of certain pair (Z7 1; Hi). The same argument can be then applied to 
U\ and so on. □ 

Remark 5.1 The following facts are remarkable: 

(1) The process to view an APK-compatible pair as a series of double extensions stops when we arrive at 
an algebra in which the annhilator does not intersect its orthogonal. This means that the symmetric 
real associative commutative algebra A of the second part of the theorem can be taken to be one 
of the algebras considered in Proposition 13.61 In particular, every nilpotcnt APK-compatible pair 
(U, H) such that U 2 ^ {0} is obtained by a sequence of APK double extensions starting from an 
algebra with zero multiplication. 
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(2) When Qu is the Lie algebra constructed with an APK-compatible pair (U,H), the signature of the 
pseudo-Kahler metric is twice the one of H and when (U, H) is an APK double extension of a 
compatible pair (U, H) then the signature of H is given by sig(-ff) = sig(-ff) + 1. This shows that if 
the pseudo-Kahler metric is definite positive, then g cannot be an APK double extension and must 
actually be an algebra off (A) for an associative commutative symmetric algebra (A, B) as those in 
Proposition [31)1 this is to say, an orthogonal sum A — ann(^4) © A% ® ■ ■ ■ © Ap where each ideal At 
is of the form eiA for some idempotent e\. When the Kahler metric of flff(^l) is definite positive, 
also B must be definite (negative). If the nilradical Afi of A% is non-zero, x £ Afi and k £ N, k > 2 
is such that x 2k = 0,x 2k ~ 2 ^ then we have = B{x 2k ,x 2 ) = B(x k+1 ,x k+1 ) and hence x k+1 = 0, 
which is obviously a contradiction with x 2k ~ 2 ^ if k > 3 and also if k = 2 because x 3 — implies 
B(x 2 ,x 2 ) = B(x 3 ,x) — 0. Thus Afi — {0} and then aA must be simple. This proves that each 
ideal eiA is isomorphic to either R or C. But a simple calculation shows that C does not admit a 
definite form of the type defined in Definition 12.51 Thus, one immediately obtains the well-known 
result (see, for instance, (U Theorem 4.1]) that a Kahler Lie algebra with abelian complex structre 
is an orthogonal sum of several copies of aff(R) and an even dimensional abelian algebra. 

Acknowledgments: We would like to thank Professor Said Benayadi for his multiple and interesting 
suggestions. 
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